
V-3-4. Optimization and pseudo-inverse matrix 

 

In multiple regression analysis, we estimate optimal coefficient of variables to explain 

explained variables from data sets. When we express explained variable as y and 

explanatory variables as 𝒙, example of data set is as follow.  

y , 𝑥 , 𝑥 ⋯ 𝑥  

y , 𝑥 , 𝑥 ⋯ 𝑥  

y , 𝑥 , 𝑥 ⋯ 𝑥  

⋮ 

y , 𝑥 , 𝑥 ⋯ 𝑥  

We are expecting to write the relation as follow. 

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥  

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥  

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥  

⋮ 

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥  

However, it is generally impossible because explained variable data includes impacts of 

unknown variables, so we have to add error term as follow. 

   

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥 + 𝑒  

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥 + 𝑒  

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥 + 𝑒  

⋮ 

y = a 𝑥 + a 𝑥 + ⋯ + a 𝑥 + 𝑒  

Multiple regression analysis is optimization of error term. There several ideas of the 

optimization, Least square method is one of them. The idea of least square method is   

minimizing of error term. 

When we express the relation using matrix. 

E= 𝒀 − 𝑿𝑨 

𝑬 =

𝑒
𝑒
⋮

𝑒

, 𝒀 =

𝑦
𝑦
⋮

𝑦

, 𝑿 =

𝑥
𝑥

⋮
𝑥

𝑥
𝑥

⋮
𝑥

⋯
⋯
⋱
⋯

𝑥
𝑥

⋮
𝑥

, 𝑨 =

𝑎
𝑎
⋮

𝑎

 

we consider minimizing of magnitude of E.  In this case, magnitude of E is not the sum 

of error term ∑ 𝑒 . The magnitude of vector and matrix is norm.  

The definition of norm is as follow 

𝑿 = (𝑥 , 𝑥 , ⋯ 𝑥 )、1 ≤ 𝑞 ≤ ∞ 



 |𝑥 | + |𝑥 | + ⋯ + |𝑥 |  is 𝐿  norm and is expressed as ‖𝑿‖  

‖𝑿‖ = |𝑥 | + |𝑥 | + ⋯ + |𝑥 | 

‖𝑿‖ = |𝑥 | + |𝑥 | + ⋯ + |𝑥 |  

𝐿 norm is Euclid distance. Least square method is minimization of 𝐿  norm.  

‖𝑬‖ = |𝑒 | + |𝑒 | + ⋯ + |𝑒 |  

= 𝑒 + 𝑒 + ⋯ + 𝑒  

‖𝑬‖ = 𝑒 + 𝑒 + ⋯ + 𝑒  

= (𝑒 , 𝑒 , ⋯ . 𝑒 )

𝑒
𝑒
⋮

𝑒

 

𝑬 = (𝑒 , 𝑒 , ⋯ . 𝑒 ) 

。 

E= 𝒀 − 𝑿𝑨 

𝑬 = (𝒀 − 𝑿𝑨)  

‖𝑬‖ = (𝒀 − 𝑿𝑨) (𝒀 − 𝑿𝑨) 

= 𝒀 𝒀 − 𝑨 𝑿 𝒀 − 𝒀 𝑿𝑨 + 𝑿 𝑨 𝑿𝑨 

= 𝒀 𝒀 − 𝟐𝒀 𝑿𝑨 + 𝑿 𝑨 𝑿𝑨 

‖𝐸‖ is positive definite and we can obtain minimum value by following differential. 

𝜕‖𝑬‖

𝜕𝑨
= 0 

𝜕‖𝑬‖

𝜕𝑨
=

𝜕(𝒀 𝒀 − 𝟐𝒀 𝑿𝑨 + 𝑿 𝑨 𝑿𝑨)

𝜕𝑨
 

=
𝜕(𝒀 𝒀)

𝜕𝑨
− 𝟐

𝜕(𝒀 𝑿𝑨)

𝜕𝑨
+

𝜕(𝑿 𝑨 𝑿𝑨)

𝜕𝑨
= 𝟎 

𝜕(𝒀 𝒀)

𝜕𝑨
= 0 

𝜕(𝒀 𝑿𝑨)

𝜕𝑨
= 𝒀 𝑿 

𝜕(𝑿 𝑨 𝑿𝑨)

𝜕𝑨
= 𝟐𝑿 𝑿𝑨 

𝜕‖𝑬‖

𝜕𝑨
= −𝟐𝒀 𝑿 + 𝟐𝑿 𝑿𝑨 = 𝟎 

𝒀 𝑿 = 𝑿 𝑿𝑨 

𝑨 = (𝑿 𝑿) 𝟏𝒀 𝑿 

𝑨 = (𝑿 𝑿) 𝟏𝑿 𝒀 

We consider (𝑿 𝑿) 𝟏𝑿  is a matrix 



(𝑿 𝑿) 𝟏𝑿 = 𝑿# 

In case of 𝒀 = 𝑿𝑨, We can obtain 𝑨 by multiplying 𝑿  from left 

 𝑿 𝒀 = 𝑿 𝑿𝑨 = 𝑨 

Similarly, we can obtain 𝑨 by multiplying 𝑿#  

𝑿#𝒀 = 𝑨 

𝑿# = (𝑿 𝑿) 𝟏𝑿  
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𝑿#𝑿 = (𝑿 𝑿) 𝟏(𝑿 𝑿) = 𝑰 

 

The function of 𝑿# is analogous to inverse matrix, so we call this matrix pseudo-inverse 

matrix. Generalized inverse matrix is the other name of this matrix. However, 𝑿# gives 

least squares solution, when 𝑿 is non-regular matrix. When 𝑿 is regular matrix, 𝑿# =

𝑿 𝟏, and 𝑿# gives solution of simultaneous equation. 

 

For an exercise, we us this method for simple linear regression  

𝑦 = a𝑥 + 𝑏 

                  𝒀 = 𝑿𝑨 

𝒀 =

𝑦
𝑦
⋮

𝑦

, 𝑿 =

𝑥
𝑥
⋮

𝑥

1
1
⋮
1

, 𝑨 =
𝑎
𝑏

 

                𝑿 =
𝑥 𝑥 ⋯ 𝑥

1 1 ⋯ 1
 

𝑿 𝑿 =
𝑥 𝑥 ⋯ 𝑥

1 1 ⋯ 1

𝑥
𝑥
⋮

𝑥

1
1
⋮
1

=
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(𝑿 𝑿) 𝟏 =

⎝
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⎛
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𝒏
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𝑿# = (𝑿 𝑿) 𝟏𝑿 =
1

𝒏 ∑ 𝒙𝒊
𝟐𝒏

𝒊 𝟏 − (∑ 𝒙𝒊
𝒏
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𝑿#𝒀 =
1
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𝑎 =
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𝒏
𝒊 𝟏 + ∑ 𝒙𝒊 ∑ 𝒚𝒊

𝒏
𝒊 𝟏

𝒏
𝒊 𝟏

𝒏 ∑ 𝒙𝒊
𝟐𝒏

𝒊 𝟏 − (∑ 𝒙𝒊
𝒏
𝒊 𝟏 )𝟐
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𝑎 is regression coefficient 

 

 

 

 


